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Lecture 14:
• A Story about Expectation: "Regression to the Mean"

• Variance and Standard Deviation of Discrete Random Variables

• Properties of Variance and Standard Deviation

• Variance and Standard Deviation of Standard Distributions

• Other Single-Value Measures of Random Variables

• Mode

• Skew

• Limit Theorems [ if time ]



Expected Value of a Random Variable:

Properties of Expectation:

Linearity of Expection for (Arbitrary) Random Variables

E( a * X + b )  = a * E(X) + b   for constants a and b

Linearity of Sums of (Arbitrary) Random Variables:

E( X + Y )  =  E(X) + E(Y)

Linearity of Products of Independent Random Variables:

E( X * Y )  =  E(X) * E(Y)

Review: Expectation:

Obvious fact:

For any constant a, 

E(a) = a

Less obvious but also 
true:

E( E(X) ) = E(X)



A Story about Expectation: "Regression to the Mean"



Variance of a Random Variable: 

Example:   X1 = “Flip a coin and return the number of heads showing”
X2 = “Flip a coin and return 100 * the number of heads showing”

Discrete RandomVariables: Variance

But this is not very intuitive!     And what about the units?
If these are dollars, then this is 2500 squared dollars...



Therefore a more common measure of spread around the mean is the 
Standard Deviation:

This has all the advantages of the variance, plus three more:

o It explains simple examples;

o The units are correct; and

o It corresponds to a well-known geometric notion, the Euclidean Distance....

Discrete RandomVariables: Standard Deviation



Let's apply this idea to our games:

Discrete RandomVariables: Variance and StdDev



Useful formulae for the Variance and Standard Deviation:

Theorem:

Proof:

Discrete RandomVariables: Variance and StdDev

Recall that 
E(X) is a 
constant!



Useful formula for the Variance and Standard Deviation, showing that variance and the 
standard deviation are NOT linear functions:

Theorem:

Proof:

Discrete RandomVariables: Variance and StdDev

Corollary:



However, independence, as usual, makes things simpler:

Theorem:  (Variance of Sum of Independent Random Variables) 

Let X and Y be independent random variables, then

Proof:

Discrete RandomVariables: Variance and StdDev

This term is called the Covariance of X 
and Y, Cov(X,Y), and measures how 
much they “vary together”.  For 
independent RV, Cov(X,Y) = 0. 
This will be back in a few weeks….



Variance of Standard Distributions




